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The Grad 13-zom2n-l approxim,",.on I s  qrpLied t o  a Loreiltz- 

l ike  plasme 3nder the i r i l u c i c e  of an osc i l l a t fng  e l e c t r i c  

f ie ld ,  Cd~V7~a-f;ioris of "che e lec t ro :~  diffusj.nn veloci ty  and 

heat, f l t x  an6 t h e i r  respective phase lag:, a r e  coqa.reci f o r  

a varie+,y of effective in"ciTpal-tiC3.e in-tsracJ;ion potextial.s 

with t he  r e su l t s  obtained. froom exact solu%ions t o  t hc  f i rs$-  

order k ine t ic  eq~rations. Sigrlif i can t  differences azpear vhen- 

ever t he  force l a w s  corres;?onci t o  moleculles whicii are much 

harder or so f t e r  than the  YIkxweUian varfel;y, 

INTRODUCTION 

A general a s s r q t i o n  of aany authorslD7 over the past %ielve years 3,s 

8 that Grad's I-3-~&neni; ve1ocit.j- ddis-ti-ibu-bian funekion pertm:lts a n  azc~vrate 

&- 
description of noxeq~~ili_'sri\:ic plasz3s V'nei? us35 t o  close out t h e  necroscapiz 

- . 8 ecpatlona of change, Since, ~ G Y s v ~ ~ - ,  $be Grsd ~p~~-oxin;a-Cion is Si2 e;.cpansloa 



*ke  

i n  ' e i g e ~ c . - t i o n s  of Boltzt~&nn' s binary e l a s t i c  col l is ion opemtor fo r  

MaxweUian molecules, convergence f o r  more general. interact ion potent ials  

i s  not guaranteed; consequently, ver if icat ion is  desirable a t  all perturbation 

orders f o r  aoat  plasmas of p rac t i ca l  interest .  Frevious s t u d i e s g ~ l ~  of t h i s  

convergence have shown t h a t  Everett-like cornputations5 of the residual hest  

flux, the entrupy density, the  c o l l i s i o r ~ l  production r a t e  03 entropy, and 

second-order contrir,ations t o  ti14 electron pressure tensor can be i n  e r ror  

by as much as 26% f o r  very hzrd o r  very so f t  par t ic les ,  while third- 

order contrLbution; (proport;ioml t o  the cube of the applied e l ec t r i c  f i e l d )  

t o  -the eleclran cmrent  densit.$ are off by fsc tors  up t o  four  i n  the same 

l imi ts ,  

The plrpose of the present research is  t o  extelld t he  aforeiaeationed 

convergence st~dies t o  coilision-Comimted plasrms acted upon by an osc i l la t ing  

e l ec t r i c  f ie id .  Thirteen-~oment calculations of the electron diffusion 

veloci ty  end heat f lux and t h e i r  respective phase lags behind the applied 

f i e l d  a re  coq>ared f o r  a vzriety of effect ive in te rpar t ic le  interact ion 

potentia,ls with the resu l t s  obtained from exact solutions t o  Mrentz-like 

kinet ic  equations, A s  before, s ignif icant  differences appear whenever the 

force l a w s  correspond t o  par t ic les  which a re  much harder o r  much sof te r  thar, 

tne Maxwellian variety. 

Wnile Cie Loreritz-like s t ipula t ion  of t h i s  research may appear highly 

r e s t r i c t ive  because of the i q l i e d  neglect of electron-electron encounters, 

such i s  not t'ne case if the electron-heavy pa r t i c l e  potent iel  parameters a re  

generalized semieqir ical ly .  ~eador'' has shown, f o r  example, t ha t  Lorentz- 

l i k e  d is t r ibut ion  r"xmctions accm:ateIy predicl; many diverse properties of 



r e a l  p h s m s  ( i n c l ~ d i r ~  ent rq j r  prc6cction and tensar conductivities) elen 

the exgonent i n  an electron-heavy pa r t f c l e  inverse power Lntexactlon 

potent ia l  i s  chosen properly. Zn any event, the Lorentz-like col l is ion 

model is  used i n  both the G r a d  and the  exact calculations so t h a t  com- 

parisons bebmen the  two should yield a valid assessment of the  accuracy of 

the  Grad approxim.lion. 

Other s i q l i f i c a t i o r i  employed i n  the  present in-irestlgztion include 

the  following zssuqt ions :  no magnetic f i e l d  i s  applied, a l l  col l is ions a re  

e l a s t i c  and obey the r-d.es of classica.1 dynamics, the heavf par t ic les  

(cog., ions arld neutral  atoras) a re  in f in i t e ly  rmssive and a t  r e s t  r e l a t i r e  

t o  the  lakoratory, the local. charge separation is  zzro, t'nere are nc, collective 

osc i l la t ions  resul t ing from the long-range coulord~ irif;eractions, and the 

pa.rtLcle pressures an3 species t e q e r a t u r e s  are cor?stan-b through l inear  

+,em i n  the t o t a l  e1ectri.c f ie ld ,  which is  regarded as spatlalky 

horaogeneu~s. The last of these conditi.ons is obviou.sly incoqatibl-e with 

Mamrell's electi-omgnetic equations unless the Fnduced e l e c t r i c  f i e l d  is  

a r b i t r a r i l y  ignored. This we s h a l l  do i n  order t o  avoid unnecessary cou- 

pl icat ions i n  the essent ia l  calctriations and cotqarisons. 

Subject to the conditions outlined i n  the Introduction, %he electronic 

Boltzmann equation 



can be mitten through first order as 

i f  nh is  the number density f o r  a single species of heavy par t ic les  a?sd 

r and a r c  the reduced electrolz par3icle velocity and f i rs t-order  

pe r tu~ba t ion  r'uhction defined by 

respectively. 

By firs'i ordsr i n  the present research is  meant the retention i n  f, 

of aLI te,-rrs dependent l inear ly  upon the e lec t r i c  f i e l d  E, iience, the 

inftac2d mgnetic  f i e l d  is; dropped from Eq. (1), b ~ t  tlne time deri1;al;it-e of 

survives because of the fonowing assumed f o m  of E: 
, 

E = E exp (iwt). 
0 ( 3  

One should further  note that; t h i s  appearance of on the Left side of 

Eq, (2) signif'ies a different concept of perturbation crder from t h a t  usually 

associated with the Cbpmn-Enskog expansion, 12 

The c o l l i s i o r ~ l  effects  of present in teres t  i n  the case of inverse 

-power elec"c;ro-heavy pa,rticle interaction po-I;entials are s u m r i z e d  bl, 13 



by the iqtegr-al 

and *r is  the  collision t h e  defined Jclrough the  e l ec t r i ca l  con6uctiv5ty 

relati.on 

As previously mentione21, the effect ive potent ia l  parame%er m y  be 

so  elmsen" as t o  pe rz i t  the Lorentz-like collis3.on model t o  describe Cne 

properties of almost any plasm; i n  par t icular ,  5 = 5 / 3  i s  the appropriate 

value f o r  a ful ly  ionized gas with electron-electron encounters included. 

Similar adjusfi~ents can a lso  s l l e v i a t e  the r e s t r i c t ion  t o  p lasms w i t k l  only 

a single  heavy species. 

The subst i tut ion in to  Eq. (2) of Eq, (6) and t'ne t r i a l  function 

yields  



A par t icu lar ly  con~enient  representation of Eq. (11) f o r  the ptthxose 

of su.bseq~~ent calculations is obtained by the introduction of the netr 

col l is ion time 

which i s  &rivedn f yon the f oUo~&-i.r?f; seiht ion be tween the col l is ional  

prcd-uction rate of entropy density ic and the existing and equiiibrium 

entropy derisities s end s(01 : 

Since past applicationsu have shown the  Hall conductivity f o r  small 

magneac f i e l d s  t o  be expressible i n  i t s  mean-free-path form when T~ is  

substi tuted f o r  .r, one might expect s imilar  simplifications and insight  

t o  occtrr i n  the  present study. 

Equatior, (u) for  small o j ~  thus becomes 

112 4 
5 - i w - r  F. - I\ 

s 13 

22 (14) 



the  bterestir-g velocity moxents of wkiicll a r e  the electron current density 

3 o Eo exp [iw(t-rsll (15 ) 

an.3 the  residual  heat flux 

% Pe(E-4) 0 

Eo exp [ i w ( t - 2 ~  ) I .  
2eneS s 

The significance of the co l l i s ion  time associated ~idth entropy 

prodnction is immediately obvious : It i s  t h a t  interval  (at  tlie i n i t i a l  a p p l i c a t i o  

of Eo sin wt) awing  which the macroscopic current density i s  not  a 

= l i d  concept. In  addition, w~ and ~ U T  represent the amounts by which 
S S 

the  phases of Cne current density and the residual  heat f lux  l a g  tha'c of the 

driving e l e c t r i c  f ie ld ,  Although such phase-angle terms a s  appear i n  

Eqs, (15) . and (16) would be labeled second order i n  the Chapmn-Enskag 

expansion, they can become important a t  suf f ic ien t ly  high ap3lied frequencies, 

The present technique pennits t h e i r  evaluation from & mch s i q l e r  kinet ic  

equation thaill the  second-order one normally consid?red; consequently, Vne 



many irreie-mnt ( t o  diffusion 7relocity and heat flux) second-or2.c; i;erxs 

do not complicate the basic caleiihtions.  

THE GRAD APFROXIMATION 

Values of the  current density ana heat  flux pa-mneters of Eqs. (15) 

and (16) are next computed i n  the Everett m,nnerf, of closing out the 

macroscopic equa't ions of change v i t h  %he Grad 13 -llLment veloc! t y  dis-tribution 

f inc t ion  

0 
w:r!ere Pe is the t raceless  pressure tensor, u is  the reduced electran 

padicle veloci ty  re la t ive  t o  the electron fraine of reference and dei'iized by 

Po is the  reduced electron diffltsicn velocity, and f31 is the reduced 

residual  heat f lux  defined by 

As rnentio~ed ea r l i e r ,  comparisons between the ttm se t s  of r e su l t s  should 

yield valuable information on the accuracy of the Grad approximstion, 

The f i r s t -order  form of Eq, (17) can be m i t t e n  



- 9 - 

t h e  appl.ication of wilich t o  the Loren%;.;-like co l l i s i on  t e rns  gives 

and 

R13R-19 5 (35-2) = - Lee + (35-413J 
i2T L O A 

(22)  
jRo4 

f o r  t he  closed-out mcroscopic e y a t i o r A s  of change of znld P1 

ccrresponding t o  the present probl-ex. 

Sirzee the simul~fieous solu-Lions of Eqs, (21) aad (22 )  are 

and 

the desired current  defisity and res idual  heat flux calz be . n i t t e n  as 

j = a a(exact)E exp 
o o k ( t  - a o i s l_j  



and 

a p  exact) 
5. 1 e 4 - 2 P,V, = en E o exp [iw(t-alrs)l (26) 

e 

with the phase angles si~reri i n  Eqs. (23) and (241 and a. and al by 

and 

Numerical calculations based on Eqs, (L?), ( ~ 6 ) ~  and (23) - ( 28 )  a r e  

presented i n  Tables I and I1 f o r  a variety of efzective i n t e q a r t i c l e  

interact ion potent ials  ranging from a Iarente f u l l y  ionized gas ( 5  = 11, 

through 8hxk.ellian molecules ( 5  = b ) ,  and or. t o  a Lorentz gas of r ig id  

spheres ( 5  = w). Only i n  the neighborhood of 5 = 4 does the Grad 

approximation accurately pre6ict  the values of the  residual heat; f l a x  an6 

the  t-cro phase lags, the  errors  being especially large i n  t h ~  case of al0 

These resul ts ,  together wit21 those found previousl?* f o r  the third-order 

contribution -Lo the electron diffusion velocity, would seem t o  indlcste 

the  need f o r  vast ly  improve& dis.t;rjbrrtisn functions in  the  hfghly 

nonequilihriu-rn work of ~verett~ ar,d Yen. h 

a A princ2pal reason f o r  the large discrep;7,nc~es i n  sorce transgost; 

prapert ies  is  the f a c t  t h 2 . t  the l3--r~o:n%~t function I s  formally asa,logot.is 4 



s 

t o  only the  second Sonine approxir~!e,,tion t o  the f irst-order dl str5bulion 

,"umctSon >in the C~apman-askcg perturbation series.  Although the general 

concepts o f  Eq, (20) need not be so lirrdted, S$s exact identif'icatiorz xl"bh 

the  second Sonine efpproxi-ma%ion is automtic  when the relat ion between B1 
and p, obtained from %Ire closing-out procedure i s  substituted; i n  

particdL,aar, the use i n  Eq, (20) of the s t r i c t l y  f i rs t-order  contributions 

lx Eqs. (23) ancl (24) yields the  s e c o ~ d  Sonine expressionl1 

1/2 40 (second Sonine)  

0, = - o (me\) L ( S - 4 ) y 2  - (35-2) (35-4) 1 E0Y. 

T%lis fden-l;ir"ication a lso  explains the in fe r io r i ty  09 the,Grad pre- 

dictions 02 ELI compared w i t h  a. because the first Sonine po9ynmfial 

does not conkribute tc the residual heat flu;;; ar is ing fronr apslied f ie lds ;  

henc~, the 13-uioment, function does not provide a higher Sonine correction 

t o  the f i r s t  contribu%j.on t o  a 1  as  it does i n  the  c?.se of a,, Such 

corrections are of far greater importance fo r  plasms than f o r  neu%rrl gases. 

FfnaU-y, one should. nuke t h a t  i f  the present use of the Grad 13-maent 

functior -- is  identified v i th  the second Svrrine approximation, and ;J' Onsagerrs 

reciprocal relati-on between the residual-heat; ?lux and tiiermal diffusion i s  

e@.oyed, the ra t io  of al (Grad) t o  ax (exact) i n  %able I can be obtained 

1 4  d i rec t ly  iroin the .irorlc of Chapman and Cowling. The phase parameters, 

however, carnot be so determined, 15 



SUMMARY 

Comparisons between exac t  and Eve re t t - l i ke  c a l c u l a t i o n s  of G- 

e l e c t r i c a l  a ILL- and t h e i r  phase l a g s  behind 

an  o s c i l l a t i n g  e l e c t r i c  f i e l d  show s u b s t a n t i a l  d i f f e r e n c e s  i n  some 

of t h e  t r a n s p o r t  parsmeters .  A s  i n d i c a t e d  by t h i s  and previous  re -  

s ea rch ,  t h e  e r r o r s  a s s o c i a t e d  wi th  t h e  Grad 13-moment approximation 

a r e  e s p e c i a l l y  s e r i o u s  i n  t h e  higher-order  terms demanded by s t r o n g  

fields1' o r  by s i g n i f i c a n t  depa r tu re s  from a sLat ionary  s t a t e ;  conse- 

quen t ly ,  much improved e l e c t r o n  d i s t r i b u t i o n  func t ions  a r e  probably 

r equ i r ed  f o r  h ighly  nonequil ibr ium plasmas. 



- ng - 
h, xi CL-; j 

WLZ I. Co-arison of the e lec t r i ca l  conduct i - d t y  'paran-t 0 ers 

a. and al as functions of the effective interparticle inter-  

action parameter 5 . 

5 a, ( ~ r a d )  a, (exact) a1 ( ~ r a d )  a1 (exact) 



W 1 Coqarison of t'ne phase lag parameters a o and a s  

functions of the  effective in terpar t ic le  interaction 

p a m e t e r  

- 
-I_L - 

5 a0 (~rad) eo (exact) al (~rad) GI (exact) 
7-- e 

1 0,759 1. Oa, 0.876 2.000 
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p, 343-5, The . *  . ttiiie 01 t h t  osc~llai~ng c ~ i - r r . ~ , t  L ~ I  , l C  1 i ' 

g i v e n  i n  t h i s  r e f e r e n c e  can be o b t a i n e d  from E q .  (11) o f  tihe -ire 

sent t e x t  only in t h e  case of Maxx.,rcSiran molecuies. I i I I L L ,  L I  i 

modificatio~~ emp Loyed h e r e  (anct mc.rztionei1 on p, 345: i c> t r i i  

"l"112 211 i! order kinetic e q u a t i o n  evidently I S  employed uy C i ~ l i p . . ~  

i c  t l y  to i'lie firs L Soi i j  ne ? p p r ~ - ~ i n ~ a "  oi; i; 


